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Generalized kinetic equations for determining the aggregation of particles in
suspensions are derived with allowance for dispersion and multiple and exchange
interactions, A system of equations is derived in a general form for moments of
the distribution function, and a method for determining equilibrium distribution
is indicated, Some exact solurions, including self-similar, of the proposed kine-
tic equations are obtained,

Physical properties of many suspensions substantially depend on the processes
of aggregation and dispersion of suspended particles, Such processes are defined
by special kinetic equations, an example of which is the equation of drop coagu-
lation (see [1]). The latter takes into account only one aggregation process, viz, ,
the amalgamation of drops produced by double collisions, Theories which take
into account also the dispersion of particles (see, e, g,, [2]) are known, However
for some systems with high concentration of suspended particles such as, for in-
stance, blood in which erythrocytes occupy about half of the volume, it is neces-
sary to take into consideration a more complex interaction between particles,

Thus in a concentrated suspension the determining effect may be that of col-
lisions other than double, which in the case of blood become significant for an
erythrocyte concentration H > 5% [3]. Besides aggregation and dispersion of
particles, exchange interactions are possible when two or more particles not iden-
tical to the original ones are formed as the result of collisions ( *). If under cer-
tain conditions there exists a limit dimension for the aggregate but with possible
collisions of arbitrary particles, exchange interactions must necessarily occur,

The above phenomena are taken into consideration in the kinetic equation
which is derived and analyzed below in Sects, 1 — 4 and 7, Certain exact solu-
tions of that equation are presented in Sects, 5 and 6,

1, The kinetic equation, Let us consider a suspension in the form of a mix-
ture of a "carrier” fluid and suspended particles which may coalesce into aggregates of
any arbitrary form as the result of effective collisions, i.e, leading to the sticking to-

*) This was brought to the attention of the authors by A, G, Kulikovskii.
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gether of particles, Aggregates may be dispersed by the action of external, mainly hydro-
dynamic forces or because of instability, The possibility of exchange interaction is as-
sumed,

We define the state of the mixture by the distribution function f (v, ¢, *) (f (v) in
abbreviated notation) such that f (») dv is the expected number of aggregates of vo-
lumes comprised between p and v + dv in a unit of the physical space volume, The
integrals 0 oo

n = Sf(v)du’ H = Svf(v)dv 1,1
0 0
represent the numerical and volume concentrations of aggregates, respectively, The
average volume of an aggregate is defined by

The fundamental equation satisfied by the distribution function f () is of the form
g 0 g s T T T + T =T, —divg (1.3)
dt ot ar

where u is the mean velocity of the mixture, I' =T (v, ¢, r) is the rate of distribu-

tion change produced by the aggregation processes, subscripts k, f and e relate, respec-

tively, to sticking, dispersion and exchange, and superscripts ~}- denote the formation

and disappearance of uv-aggregates (of volume close to v) , respectively, The stream q

represents diffusion of aggregates, and the integrals

Gn = °§ qdv, qmg= °§ vqdy (1.9
0 0

have the meaning of flow density of numerical and volume concentrations, respectively,
Denoting the average velocity of v-aggregates by U (») , we have

q=u—U@)f (1. 5)

We denote by K, (m., ..., m;) = K, (my|;") the probability of formation of an
aggregate of volume M, = m, - .. . 4 m, produced by a simultaneous sticking of
s aggregatesof volumes m,, . . ., m,. By definition function K, takes into account the

probability of the s-multiple collision itself, The symbol m [ will henceforth denote
the set of arguments m,, . .., m,.

We denote by F (m |,%) the probability density of dispersion of an aggregate of vo-
lume M, into s parts of volumes m,, ..., mg, Le., Fidm, ...dm, definesthe
probahility of simultaneous formation of fragments of volumes contained in the intervals
(my, my + dm,), ..., (m,, mg + dm).

Finally, the probability density of exchange interaction consisting of instantaneous
transformation of the set of aggregates of volumes m,, m,, . .., m, into a set of vo-
lumes pi, P2 - - -5 Prisdenotedby Ey (m [,°; p |,"), where M, = P, =
p1+...+p,,‘ and s > 1.,

Functions K and F are symmetric and for negative arguments are identically zero;
function K, has similar properties with respect to variables m; and p; taken individu-
ally, We assume that K, F,and E, may also depend explicitly on time ? and coor-
dinates r.

Using the derived probability functions and taking into account their properties, we
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can write for I';*, I'y/tand I;* the following expressions:

+ Q 1 — s—1
e =§‘ - SKmpt o — Mo — M. )] fom) dm;  (1.6)
=2 j=1

I =2 =g S S Km0 1) 1] £

s=2 =1
O? 1 . . it
T = %‘.mg o NE L 0 M+ ) [] dm 1.7
-t 1
- 1 - R ]
07 =3 5§ SEomirt o — My 70) T am
§==i 3;:1

ﬁm 1 .
=2 szS NE i P o= M p[ ) x L8

8s=32 r=
S=-1 r—1

F(Proi+v =My I1 foms)dm; 1] dpy
3=l k=1

Z 2 (S — 1)! 7! S S EST (m I‘;‘l’ v, p l:—lv Ms-l +

5= r=3
el Po1
v— L) ()] 7(ms) dm; 1] dp,
j=1 =2

Unless otherwise stated, here and subsequently integration is to be carried out with res-

pect to all variables from 0 to oo, Equation (1, 3) together with formulas (1,6)—(1, 8)
and corresponding boundary conditions determine the distribution function for specified
K, F,, E, and q. Inthe particular case, when

Ki=0 (s>3), F,=0 (s>2), E,=0 (>2,r>2), (1.9
q=0
we obtain from (1, 3), (1, 6) — (1. 8) the equation derived in [4],

2, Moments of the distribution function, We call

1 ¥
Qq= ‘7{3"‘7 () dv 2.1
a moment of order g .
Multiplying Eq, (2. 3) by v? and integrating with respect to v from 0 to oo, after
transformation, we obtain
o« s
d 1 q
Q=3 ~- .. (k. ml) [(SIm)" — (2.2)
§==9 1
¥ s

ém«;q]fl f (mj) dm; — 2 "}(S---SFs(mlls)[(Z"%)q”

j=1 s==% 1
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Zwbwﬂhm+22ﬂﬁ NE (mls ol %

§==3 Pl

[Zpiq—z,mi “—I f(m;)dm; H dpk-—leSqu(U)dU

k=1
(P = M, — Ppy)
The double sum appearing here may also be represented in the form

=5 WE(M@Hfm»~E(Mﬂﬂng

s=1
KZ mi)q - Zmiq} H dm;
1 1 =1
o0 r—1
E3+32| %—S...SES,(mlls;pll")ﬁ dp[‘ (203)
’ =1

r=2
r—1

E“Z =\ wmmmmmwwmﬂﬂmm

It follows from {2, 2) that for g = 0 the equation which defmes the variation of the
complete number of aggregates is

%?*:2 1—;—8&..S{Ks(mjf)glf(mj)— (2. 4)
1WmmﬂM]H¢m%22’;f
S SFW (m|y’ Pllr)Hf(m;) dm; H dp, — divq,
j=1 k=1

All exchange terms with r = s in (2,4), obviously, vanish, since such interactions do
not alter the number of aggregates, For ¢ = 1 all integral terms in the moment equa-
tion (2, 2) vanish, and we obtain the conventional diffusion equation

dH/dt = —div qy (2. 5)
In the particular case, when conditions (1, 9) are satisfied, we obtain from (2,2) the equa-

tion derived in [5].
To explain the essence of above transformations let us consider, for instance, the integ-

ral ' X R
Sr— 15‘-S S” E,(m|TL P, +o—M 0 piiTh o) X (2.6)
s—1 r—1
F(Pyy+o—M ) [] fmy)am; 1‘[ dp,dv =
= =1
i=1 —
,1 Y s q s r
=D 5 .. .Spr E_ (mls ph )}Elf(mj) dm; };II ap,

(pr A j”s — PT~1}
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By substituting the variable of integration pr for p;, where 1 <1 <{r — 1, we obtain
I—1 r
1
= R LG R I fomydm; [ ape T ap (2.7
F=1 k=1 B=l41
From this, after converting p, — p; and p; — Pr» we obtain
—1
1

's‘i"(?“—T)tS Spqusr (m1s’s p 1) H fmpdm; H apy (2.8)

=1 =1

Thus the considered integral can be presented in the form (2,8),where I =1, 2, ..., r
{see (2, 7)), Adding all of the different r representations we obtain
—1

SMS (Zp Y B, (m1s%s 1D Hf(m}a’mJHdpk

=1 k=1
Formula (2, 3) is derived as follows, Let us express the double sum in (2, 2) in the form

s

ZZS”E(quPID[(Zm) Z ]Hf(m)x

§== 7= 1 =t
dmjk]]: dpk——zz e S SFsr(mh,p]l ([2}.&)‘1_*
—1 — "
Ep }H f(m}dm i:-fdpgf
1 =1 k

We carry out the conversion in the second sum according to the rule m; — pg, dy - m;,
s—r and r-> s ,and transpose the order of summation and integration, This yields

r

LSS A e o (S~ D] 170 5,3 an,
1 1

s=2 r=32 k=1 j==1

Substituting m, for the variable of integration p, and taking into account the equality
M, = P,, we obtain
fe =] b3

~-3 i . ﬂg Sz;rs PIT mhs)ui mﬁ)‘i_zm"'ﬂ X

ssug r==g —t 1 1
£p,) D) Fpy) a’pd[ dm;
k=1 j==1

Fuwrther conversion to (2, 3) is obvious,

38, Aggregation equilibrium, In the case of absence of diffusion Eq, (2.2)
with allowance for (2 3) can be written as
d 1 - s s
7”01:2 8-S *(mlx)Hf("%)~F*(m!1)f(Ms)] (3.1)

(Sm)” = Simae m am,

1 1
Ks*zK‘s'}‘Es*? F*—F+E
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Let us consider a system with an interaction of only one multiplicity [

K,=0 (s, F,.=0 (s#1), E,=0 (ss=1, rsl) (32
For such system from (3,1) we obtain

1
2 nQq=r§. . S[Kx I I] fm)—Fremlyyx - @9)

(Sm)"— S| [T am

The following statement — which can be checked by direct computation — is valid: if
the functional equation (*) !

K (ml)[] 70m) — ¥ (mfu) /(M) = O (3.4)

has solutions such that df / dt = 0, these solutions are also solutions of the input kinetic
equation (1, 3) for the particular case of (3, 2),

It is thus possible to determine equilibrium distributions and analyze conditions of their
existence without having to solve the input kinetic equation of the form (1,3) (**)

It should be noted, however, that the question of whether the solutions of the fundamen-
tal equation (3, 4) determine all of the aggregate equilibrium states possible with the
considered system, and whether the vanishing of all derivatives ang / dt is equivalent
to equilibrium in the meaning of df / d¢ remains open,

If interactions of different multiplicities occur simultaneously in the system, equilib-

rium states are also possible, but attempts at finding a similar example proved unsuccess-
ful,

4, Discrete systems, Let us assume that only particles whose volumes belong
to the sequence v |1 = vy, Vg « vy Uy o oo, (Vg > Vg-y) exist in the suspension, and that

v; -+ v; also belong to v, for any i and j, The distribution function is then of the form
(4

o) =) n,d (v —v,) (4.1)

i=1

where »; is the numerical concentration of aggregates of volume v;, and H; = n;v; is
their volume concentration, Then

o0

n:Zni, H:Znivi, an;—-Zni(v{)q (4.2)
1 1

1

For a discrete distribution to exist it is necessary that
H s, r,
F (mh)=0, E_(m| pl)=0

even if only one of the quantities m; or p; , respectively, do not belong to the sequence
v |- Functions Fs and Eg; behave with respect-to m; and p; , respectively, as §-functions

*) The theory of such equations and effective methods of their solution are given in [6],
**) In the case of more specifically defined systems Eq, (3, 4) is amenable to thermody -
namic interpretation (see [7]).
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oforder s — { and r —1,¢e,g.,

s 3
Fomy = 2w oni®) B3 5 (m—of) T 8 0m, — o) (4.3)
(k) j=1 feml
where W, is a regular symmetric function which vanishes for negative arguments, and
w9, o, ..., o™ is the kth arbitrarily chosen set of s terms from v |;. Sets # and
%' are considered to be different when vﬁ? =+ V(lf) even for a single value of i. External
summation in (4, 3) is extended to all different sets,

It should be noted that in computing T (see Sect, 1) it is generally necessary to bear
in mind as regards the quantity of formed or vanished v aggregates that the result of
sticking or dispersion depends on the number of particles of volume v taking part in
such events, Furthermore, physically identical elements of volume space are repeatedly
taken into account in the integration of formulas for T', The factorial coefficients at
integrals adjust the computation exactly only at points where all arguments of integrated
functions are different, Consequently, functions

K& (mh®) = Kg(m 190 (m)1%), F* (m 1) = Fs(m [1*) 8 (m |s%) (4.4)
E X (m 1% ph™ = Eg (m]® p )8 (m 1) O (Ip[)) 8 (mI1¥) = st ¢~ (m 1%)

where ¥ (m |1f) is the number of physically different permutations in the sequence m 1%,
should have been used in formulas (1, 6) — (1, 8) instead of Ky, F,and E,,, It can be
shown with the use of elementary combinatorial considerations that the introduction of
these functions takes completely into account both of the above aspects,

Since in the N -dimensional space function © (m |,") differs from unity in a manifold

of not more than N — 1 dimensions, hence for any arbitrary bounded functions
N

S N S [B(m Yy — 1] 4 (m i) H dm; =0
=1

Owing to this property, the absence of the correction factor 8 does in no way affect
the input kinetic equation, as long as the distribution functions in the integrands and the
interaction properties are bounded, However, function 8 must be taken into account
when passing to the definition of discrete systems with distributions of the kind (4,1),
It is then necessary to set formatly N

(. Jeen™ —gsmp® —mw ™[] dn; =0 0w 1M ~1
=t
where the right-hand part is evidently not always zero,

These considerations are not new, although they have not been explicitly formulated
in the literature, and in many papers are either not used at all or applied, for example,
to dispersion terms of the kinetic equation (see, e, g.,[8]).

Thus, for passing to the equations of the discrete system it is necessary to substitute
K>, Fs and E;/ in (1,8) ~(1,8) for K, F; and E,, and then, carry out integration
of Eq, (1.3) vt vyt

S % dy = S ([t =TT =T 4T —T-—divgldy (4,5)
vy v
where « is defined by the inequalities
v, <vp—a <y <<ty
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The general form of obtained equations is very cumbersome, hence we restrict these to
the example of a system with double interactions (1, 9) and aggregates formed from iden-
tical "elementary” particles, Setting

v; = fwg, O (vi, v5) =1 -8y

Fs (ma, mp) = —;' W (ma, ms) 2 8 (m1— ;) 8 (ma2 — 2))]

4
1 . Z F
Ex (ma, msi 1, po) = =g~ € (ma, mai p1, o) 2418 (1= 2;) + 82 — 2]
we obtain . v
i— o
dn. 1 (4. 6)
F= T 2 e 2
k=1 k=1
oc 1 oo oc
1,
D mbBroii— - Pt 2 2 L g,
k=31 I=1 k=1

1 .
—- 75 2 = div
=1

U1 =Ko (0, 0) U +8) By =F (v, 2) 1 +8)

-1
Bj = 2 {35, j-1
=1
Ifj—1
T4, ;= @ o3 2o L8 U 8:) 1 ;= 2 T, j, 1444, 4
i=1

For q; =0, B, , = 0 and Vg, 1,4, ;= 0 this yields the classic Smoluchowski equations
9], while for nonzero q., 2, ;, and B, ;,, and v, , ; . = 0 the equations proposed in
itk k1 k1,4, propo
[2, 8] are obtained,

5, Exact solutions, Let us now consider certain possibilities of obtaining exact
solutions of the kinetic equation (1, 3) or moment equations (2, 2), We restrict the analy-
sis to the spatially homogeneous problem of aggregation in the absence of dispersion,
exchange interactions, and diffusion, i.e,,to the problem analyzed in considerable de-
tail for the case of double collisions, In the case of collisions of / -multiplicity from
(1, 3) and (1, 4), we obtain

A=\ K e = M) o — M) — (5.1)
11

1K, (m 1% 0) ] @) T 7(ms) dm
=1

{
dn 1—1¢
s ot I L RN | BACREEY (5.2)
=1
We would point out that for integral @;, &,, ... the following equalities

S . Smf‘m.:g ceom'n (0 — M) (v — Myy) *eof (v —
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s~—1 s

M D] #(my) dmyd = [ (— 1y -‘?-—-93

j=1 j=1 [)p

$—1
Vo Smimg i e w [T 7 (my) dmyf (v)dv =

s--1 o j=a: -
{El(* 1)%s %}-};}(" 1) ‘;_:?;_, @(p) = Ogg—mf(v) dv
0, 0
() ={ N ;;0

are valid,

Hence for any polynomial functions X; (which vanish for negative arguments) by ap-
plying to the input equation (1,3)(for q =0, F, =0, E,, = () the Laplace trans-
formation with respect to the variable v, we obtain an equation in g, which is of the
first order with respect to time, while its order with respect to the variable p is equal
to the highest power of the variable m; in A7; (m |;!). The coefficients of the equation
contain the a priori unknown derivatives of ¢ with respectto p for p =0, i.e,
the moments of distribution function are of an order not exceeding that of the equation,
Setting in the equation p — (, we obtain an additional relationship linking moments
of various orders, which is, generally, insufficient for the determination of all coefficients,
Obviously the equation in ¢ and the additional relationship form a closed system only
when the equation is of the first order with respect to p. In that case we obtain a system
containing only n, ¢ and H, where H is determined by the input data, This implies
that the described procedure can be effective, if K; is 2 linear function with respect to
each of m; separately, i, e, it is a sum of elementary symmetric polynomials

! ! ;
KL=K10+K112"11-+K122 mim; ...+ Ky [ my (5.3)
1 ij=1 1
i+

where for Ky the sum C,¢ of various products appears as a factor,
It is evident that integrais of the form

S. - S mimd . .. mg® [(iml)q —gmiq] ];[lf(m,-) dm;

can be expressed in terms of distribution function moments of an order not exceeding

g — 1 -+ max o;, when ¢ > 0, and not higher thanmax &; when g = (), Hence the
substitution of (5,3) (max &; = 1) into the moment equation (2, 2) yields a system

of unconnected equations which have to be solved consecutively, All these considerations
can be readily extended to the system in which collisions of various multiplicities take

place,
In particular the equation for numerical concentration of aggregates assumes the form
o0 s
dn 1—s ; R
T =2~ 2 CiK g HY (5.4)
s==1 i=0

Examples, Inthe case of collisions of /-multiplicity and X; — K, = const
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from (5,4) we obtain -
ORI Ly (5.5)
dt
Applying the Laplace transformation to Eq, (1, 3) with respect to ¥, we obtain the equa-
tion for @, which for p — O is transformed into (5. 5), since ¢ (0, t) — n (¢)
1 dcp 1, 1 .
K, o~ wm ¥ T gy

from this, passing to variables T = (ny — n) / ny, ¢ = @ (n ] ng) U1, ny=n (0),
we obtain ap

_‘—'lpl

1)nll

L [1 + l-— 1)2 Kun ‘lt] 11(-1)

no

1-1
_{ n\HE-D Po
o= (2w (1 - 2) 5]
For the initial distribution defined by f, = Av*le=%?, where v = (l — 1)}, a =
vio/ H and A = nya'T-! (v), after inverse transformation we obtain

ot () e (=2

iy

Consequently

-1/(¢-1)

In the particular case of double collisions (I = 2) this solution becomes the same as
the one derived earlier [10, 117,

As the second example, let us take the case of K; = K;;Zm; and K;; = const
for the same initial distribution as above, From (5,4) and (1, 3), for ¢ and n we obtain
the system (5.6)
an (! — 1) Hnt"2¢p — ni-1 0_q>]

op

T T =2 ' K, ot o~ T=D1
From the first equation we have
n [ K”thé"2

“no =3

&, Hni-1 1 8p 1 op! 1 [

1/(2-!)
} (1>2)

no
Using variables 1 = (ny — n) / ngand @ = ¢ / n, from the second equation we have
oD -1 oD
o7 T a(D —1)%:0 (5.7)
Taking into account the initial condition

Oliy = AT (V) ————
b= = AL a)
we can write solution (5, 7) in the implicit form
Al (v)]i-1
p = ax(@- — 1) + [ 4]

from which, after solving for (0 and inverse transformation we have

fo =DV (L)””e—a(m)v[,, v Vact), ¢=[AT(v) ngip !>

v at

K th[2 [l
T= [1 =y }
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The particular case of (5,6) for [ — 2 was considered earlier in [12],
To illustrate the structure of moment equations we take as the third example the case
of K,—= [{L,izmﬁmj2 ey . Writing (2, 2) as

£ nQ, :%—?S((Z)m,m]mﬁ) (S Py x

(r

H
1. 2 i
mymgt .Y [ f (my) dim;
=1
we readily observe that generally its right-hand part is expressed in terms of the product
of different moments. For q > 2

Qq nZBqQ;{IQ ---qu, 3’:3(0!1,...,%)

(=)
where summation in the right-hand part is extended over all different sets of integers
o such that

oty + e, <L Lo 2hay g, =1+ g

The determination of coefficients § is a very cumbersome combinatorial problem, For
example, in the particular case of { = [ we have

dnQs Ku“l I~
(= 2)‘ 0

d 3K,nt . -
ZtQa = ”2)| (0770405 + (1 — 2) 0104

Qs U 140170,04 31705 + 18(1— 2) 01°0,Csl
6, Self-similar solutions, Letin the absence of diffusion all interactions
be defined by homogeneous functions, in which case ¢ = 0 and
K (om|1®) = a"e K, (m|"), F,(am|®) = o'sF ,(m),°) (6.1)
Ey (am]®oply) = 2" By (m 1% ")
Then in the case of space homogeneity the input kinetic equation (1, 3) has self-similar

solutions of the form
f(v’ t) :g(t)‘P(V), |4 :U/h(t) (6.2)
F0,0)=20)% (557)

which implies that the form of function ¥ (V) is predetermined by the input data, It
is shown below that a solution of the form (6,2) exists when special conditions are im-
posed on K, F, and E. as well as on initial distributions, The substitution of (6. 2)

into (1, 1) yields n = ghC,, H — gh*C, (6. 3)

where (', and (| are arbitrary constants, From this

with

L2 C H ¢
g=ntgmay  h=—- €

Using formulas (6, 1) and (6, 2), from (1, 3) we obtain
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(f; Y(V)— —i‘%,—;‘ ‘@“ ‘“2 hg‘““lg (ks — ST&) + (6.5
s—-2
Z; N AR IC R AR Y S (£ Pl
s= §==2 1'==9
2 —-——-(h‘ ot gsTks A oY1) + g g TT“ BhertstT-1 T oer (6.6)
where = e s--1 s—1
7;3(1/):8...3 sV — 2 &) v (v -2% JIRTSLIMCY
=1
51
= (e VeIl veE) &
j==1
Sem1 s—1

=1 Srer e (v +3 )1 &

s—1 s—1

ww = (R (s v — Z&)W)gldaf

*re*sr(V)zg...SEs,(y §1§1+V sjlgl,gr"l V) x
(gmv Els,)ilzm dg,ﬁldck

tw ) =\...\E, He V;Cli’f$1§i+V~r§1—}1ci) X
b(V) Ew(&»d& Elfigx

o =f S0 s 1S T @ 9Dt )HdE

=1

Tor = S B LSS0 TT 0 @) a5 TT g

=1 k=1

Let us assume that the quantities in (6, 7) are independent of time and specify that the
coefficients in the right-hand part of (6, 5) which depend on time ¢ be proportional to
nP;  then the coefficients in (6, 6) will be proportional to nf~1. The number B proves
to be associated with the degrees of homogeneity of functions in (6, 1) by relationships

P‘s:’s'{”l—‘ﬁ’ Vs:3_3“57 nsr:s—r+2—ﬁ

which is possible when p, = v, -+ 2(s — 1) =, -+ r — 1. Using (6.4) we trans-
form (6, 5) and (6, 6) to the form
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L[+ ] —wn (HE) S (L)

sn (Tis == $Yks) + Z ( ) (8775 — 17) +
s==2
Eg §2 S ( ) (rTecr 37;57)}
3 = ()T B (F) e (6.9)

Er]+ 33 (&) Lot

Eliminating from these formulas n we obviously obtain an integro-differential equation
for ¢ (V), whose solution yields the admissible initial distributions, The self-similar
solution’itself is of the form (6, 2), where g and h are expressed in terms of r in con-
formity with (6.4), and n satisfies Eq, (6, 9), A solution coinciding with the one consi-
dered here for the particular case of (1, 9) was previously obtained in [13, 14],

Note that self-similar solutions exist also in the presence of diffusion with a special
form of stream gq. The exact solutions derived in Sects, 5 and 6 can be extended by
transformation of the time variable to the case, when functions K,, F; and E, depend
not only on m;amd p; but contain a coefficient (one and the same) which explicitly
contains time,

The case of space inhomogeneity requires special consideration; however in the case,
important from the practical point of view, in which

u=1u(t, y)ex, f=1(v, t, y) Ks=Ks (mho 1, v)
Fs=Fs(m 1% t y) Eu=Eg (mh®% ph" & y)

the reasoning in Sects, 5 and 6 remains valid, and the coordinate y appears in the solu-
tion as a parameter,

7., Concluding remarks, A more detailed definition of suspension would be
obtained by the introduction of the distribution function f* (v, 1, r, §), where § is the
velocity of the aggregate. Then

=\t a ={@—9a

Functions I, I'yT and T T are generally related to the integral of collisions and
equations for f*. The form of that equation is not known and the available data on the
interaction of particles of a concentrated suspension between themselves and with the
carrier fluid are insufficient for its derivation, A kinetic equation in its conventional
meaning apparently does not exist for /*,since the order of magnitude of the time of
dynamic interaction of aggregates is the same as that of function f* relaxation, If, how-
ever, the time of aggregate interaction is considerably shorter than the relaxation time
of f,it is possible to construct for it directly equations of the kind (1, 3),

A similar analysis can be carried out for suspensions containing aggregates of several
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different kinds, This is done by introducing a system of distribution functions f, (v, ¢, r),
o =1,2,...,and by including in the right-hand parts of kinetic equations of terms
correponding to interactions with transformation of one kind of suspension into another.

10,
11,

12,

13,

14,
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